We report the anomalous D'yakonov-Perel' spin relaxation in ultracold spin-orbit coupled 40 K gas when the coupling between |9/2, 9/2 and |9/2, 7/2 states is much stronger than the spinorbit coupled field. Both the transverse and longitudinal spin relaxations are investigated with small and large spin polarizations. It is found that with small spin polarization, the transverse (longitudinal) spin relaxation is divided into four (two) regimes: the normal weak scattering regime, the anomalous D'yakonov-Perel'-like regime, the anomalous Elliott-Yafet-like regime and the normal strong scattering regime (the anomalous Elliott-Yafet-like regime and the normal strong scattering regime). With large spin polarization, we find that the Hartree-Fock self-energy, which acts as an effective magnetic field, can markedly suppress the transverse spin relaxation in both weak and strong scattering limits. Moreover, by noting that as both the momentum relaxation time and the Hartree-Fock effective magnetic field vary with the scattering length in cold atoms, the anomalous D'yakonov-Perel'-like regime is suppressed and the transverse spin relaxation is hence divided into three regimes in the scattering length dependence: the normal weak scattering regime, the anomalous Elliott-Yafet-like regime and the strong scattering regime. On the other hand, the longitudinal spin relaxation is again divided into the anomalous Elliott-Yafet-like and normal strong scattering regimes. Furthermore, it is found that the longitudinal spin relaxation can be either enhanced or suppressed by the Hartree-Fock effective magnetic field if the spin polarization is parallel or antiparallel to the effective Zeeman magnetic field.
I. INTRODUCTION
Recently, the synthetic gauge fields in Bose and Fermi cold atom systems have been experimentally realized by laser control technique, which opens the door to study the spin-orbit coupling (SOC) and related phenomenon in these systems. [1] [2] [3] [4] [5] [6] [7] Much attention has been attractted to the spin-orbit coupled Bose-Einstein condensate 5 and Fermi gas 6, 7 after the pioneering experimental works with precisely controlled SOC. In the spin-orbit coupled Bose-Einstein condensate, the SOC provides new possibilities to give rise to new quantum phases. [8] [9] [10] [11] [12] [13] [14] [15] [16] In the ultracold Fermi gas system, the experimental realization of the spin-orbit coupled 40 K (Ref. 6 ) and 6 Li (Ref. 7) systems provide a platform to simulate the spin dynamics in the solid state systems. Moreover, with tunable scattering strength between atoms by the Feshbach resonance, 17 the spin-orbit coupled ultracold Fermi gas can be used to study the influence of the interparticle interaction on the spin relaxation without being disturbed by disorders, inevitable in solid state systems.
18,19
The study of the spin-dynamics in the spin-orbit coupled Fermion gas has just started. Experimentally, in the 40 K system, the lowest two magnetic sublevels |9/2, 9/2 and |9/2, 7/2 , which are referred to as two spin-1/2 states, are coupled by a pair of Raman beams with the coupling strength Ω. 6 In this system, the effective Hamiltonian including the SOC can be written as ( ≡ 1 throughout this paper) [5] [6] [7] 20 
with the effective magnetic field
The first term ε k = k 2 /(2m) in Eq. (1) is the kinetic energy of atom with k representing the center-of-mass momentum and m standing for the mass of the atom. Ω z (k) in the second term is the effective magnetic field created by the Raman beams with k r being the recoil momentum of the Raman beam and δ denoting the Raman detuning. σ is the vector composed of the Pauli matrices. It is noted that the coupling strength Ω acts as an effective Zeeman magnetic field along thex-direction and the k-dependent effective magnetic field created by the Raman beams in Eq. (2) is perpendicular to the effective Zeeman magnetic field. Furthermore, δ can be set to be zero, which can be realized by tuning the Raman beams. [5] [6] [7] It is interesting to see that the Hamiltonian Eq. (1) with δ = 0 is similar to that of (110) semiconductor quantum wells with external magnetic field parallel to thex-axis. 21 Apart from the experimental investigations, the spin dynamics has been studied partly based on the effective Hamiltonian [Eq. (1)] theoretically. Tokatly and Sherman suggested that the polarized spin states are created by a weak effective Zeeman magnetic field, and the polarized spins relax to the equilibrium state due to the SOC and interatom collisions after swiching off the Zeeman magnetic field. 18 Natu and Das Sarma explored the spin dynamics of the two-dimensional, non-degenerate, harmonically trapped ultracold Fermi gas in the non-interaction and diffusive limits, in the absence of the effective Zeeman magnetic field. 19 They reported oscillations of the spin polarization in time domain and spin helix in space domain. So far, the spin dynamics with strong effective Zeeman magnetic field in the experimental feasibility has not been studied in the Fermi ultracold atom system.
The physics of the spin dynamics in the spin-orbit coupled 40 K gas in the presence of a strong effective Zeeman magnetic field can be very rich and intriguing. This can be conjectured from a very recent study by Zhou et al. on the spin dynamics in (110) quantum wells in the presence of a strong magnetic field B parallel to thex-axis. 21 There, due to the unique form of the effective magnetic field Ω(k), the spin relaxation may show anomalous scalings between the spin relaxation time (SRT) τ s and momentum relaxation time τ * p for the transverse (longitudinal) spin relaxation with spins polarization perpendicular (parallel) to B, which is very different from the conventional situation with zero or small magnetic field.
In the conventional spin relaxation in n-type semiconductors, the relevant spin relaxation mechanisms are the Elliott-Yafet (EY) 22, 23 and D'yakonov-Perel' (DP) mechanisms 24 . In the EY mechanism, due to spin mixing, electron spins have a small chance to flip during each scattering, with the spin relaxation time (SRT) τ s proportional to the momentum relaxation time τ * p . In the DP mechanism, the Dresselhaus 25 and/or Rashba spin-orbit coupling (SOC) provide a k-dependent effective magnetic field Ω(k) and electron spins decay due to their precessions around this k-dependent effective magnetic field during the free flight between adjacent scattering events. Specifically, in the strong (weak) scattering limit when
Interestingly, in the work of Zhou et al., by varying the impurity density, the transverse (longitudinal) spin relaxation can be divided into four (two) regimes: the normal weak scattering regime (τ s ∝ τ * p ), the anomalous DP-like regime (τ
, the anomalous EYlike regime (τ s ∝ τ * p ) and the normal strong scattering regime (τ −1 s ∝ τ * p ) (the anomalous EY-like regime and the normal strong scattering regime). 21 However, in the three-dimensional ultracold atom system, in spite of the similarity of the Hamiltonian, the interatom scattering, whose strength can also be tuned by the Feshbach resonance, 17 is different from the impurity scattering. Whether the anomalous scalings in semiconductor systems are still valid is yet to be checked.
In the present work, with the interatom interaction explicitly included, we investigate the spin relaxation in the three-dimensional ultracold 40 K gas under the strong effective Zeeman magnetic field by the kinetic spin Bloch equation (KSBE) approach both analytically and numerically. 27 Interestingly, similar anomalous scalings between the SRT and momentum relaxation time are observed in the spin relaxation under strong effective Zeeman magnetic field satisfying |Ω| ≫ |Ω z (k)| when the spin polarization is small by tuning the interatom scattering strength. ... here denotes the ensemble average. It is further revealed in this study that when the spin polarization is large, these anomalous relations are significantly influenced by the Hartree-Fock (HF) self-energy originating from the interatom interaction, acting as an effective magnetic field. [27] [28] [29] [30] [31] It is shown that due to this HF effective magnetic field, the transverse spin relaxation can be suppressed. Consequently, in the scattering length dependence, by noting that both the momentum relaxation time and the HF effective magnetic field vary with the scattering length in cold atoms, the anomalous DP-like regime is suppressed and the transverse spin relaxation is hence divided into three instead of four regimes: the normal weak scattering regime, the anomalous EY-like regime and the strong scattering regime. On the other hand, the longitudinal spin relaxation can be either enhanced or suppressed by the HF effective magnetic field when the spin polarization is parallel or antiparallel to the effective Zeeman magnetic field and its scattering length dependence is again divided into the anomalous EY-like and normal strong scattering regimes. In addition, we find that the specific form of the effective magnetic field Ω(k) leads to a strong anisotropy between the transverse and longitudinal spin relaxations.
This paper is organized as follows. In Sec. II, we present the model and KSBEs. The main results are given in Sec. III. In Sec. III A, we solve the KSBEs analytically in a simplified model with the inelastic interatom scattering replaced by the elastic one and reveal the physics of the anomalous spin relaxation. In Sec. III B, with the inclusion of the interatom scattering, we numerically study the anomalous spin relaxation by varying the interatom scattering strength. The anisotropy of the transverse and longitudinal spin relaxations is also addressed in this part. We summarize in Sec. IV.
II. HAMILTONIAN AND KSBES
We start the investigation from the full Hamiltonian of the spin-orbit coupled ultracold atom systems, which is composed of the effective HamiltonianĤ 0 [Eq. (1) 
The interaction HamiltonianĤ int can be written as 19, [32] [33] [34] [35] 
Here Ψ k,σ is the annihilation operator of the atom with momentum k in the spin-σ state with σ ≡↑, ↓, V is the volume of the system, and g ↑,↓ = 4πa/m is the scattering potential with a being the scattering length. The scattering potential g ↑,↑ and g ↓,↓ are set to be g.
32,35
The KSBEs, derived via the nonequilibrium Green function method with the generalized Kadanoff-Baym Ansatz, 27, 28, [36] [37] [38] are utilized to study the spin relaxation in the ultracold Fermi gas:
In these equations, ρ k (t) represent the density matrices of atom with momentum k at time t, in which the diagonal elements ρ k,σσ describe the atom distribution functions and the off-diagonal elements ρ k,σ−σ represent the spin coherence for the inter spin-band correlation. In the collinear space, the coherent term is given by
where 
with ρ < k = ρ k and ρ > k = 1 − ρ k . By solving the KSBEs, one obtains the SRT from the time evolution of the spin polarization P (t) = k Tr[ρ k (t)σ ·n]/n a withn standing for the spin polarization direction and n a being the density of the ultracold atom. The initial condition is set to be
where
is the Fermi distribution function at temperature T , with µ ↑,↓ standing for the chemical potentials determined by the atom density n a = k Tr[ρ k ] and the initial spin polarization P (0).
III. RESULTS
In this section, we solve the KSBEs first analytically and then fully numerically. In order to reveal the physics of the anomalous spin relaxation under strong effective Zeeman magnetic field, we first investigate the spin relaxation in a simplified model analytically, with the inelastic interatom scattering replaced by the elastic one. The situations with both small and large spin polarizations are considered. Specifically, the effects of the HF effective magnetic field on the transverse and longitudinal spin relaxations are shown explicitly. Then we numerically study the anomalous spin relaxation with the genuine interatom scattering. The scattering strength dependence of the spin relaxation is discussed facilitated with a full understanding of the SRTs from the analytical model.
A. Analytical results
Before performing the numerical study by solving the KSBEs, we first investigate the spin relaxation in a simplified model by replacing the inelastic interatom scattering by the elastic one. The conventional spin relaxation determined by the DP mechanism under the weak effective Zeeman magnetic field with |Ω| ≪ |Ω z (k)| has been studied in semiconductors in the strong and weak scattering limits 24, 27, [40] [41] [42] [43] [44] [this situation is schematically shown in Fig. 1(a) ]. Accordingly, in the strong (weak) scattering limit, the SRT is inversely proportional (proportional) to the momentum relaxation time. Moreover, the influence of the HF effective magnetic field to the spin relaxation has been fully investigated. [27] [28] [29] [30] 39 Specifically, the SRT can be effectively enhanced due to the suppression of the inhomogeneous broadening 36 [i.e., the k-dependent effective magnetic field Ω z (k)] by the HF effective magnetic field.
28-30 Here, we focus on the spin relaxation under the strong effective Zeeman magnetic field satisfying |Ω| ≫ |Ω z (k)| [illustrated in Fig. 1(b) ].
The KSBEs including the HF effective magnetic field can be written as
in which
describes the elastic scattering with |U k−k ′ | being the scattering matrix element. In our study, by considering the property of the interatom scattering potential [Eq. (4)], |U k−k ′ | is set to be constant g and hence W kk ′ is proportional to g 2 . Ω z (k) = αk x with α ≡ −2k r /m is the k-dependent magnetic field and
acts as the HF effective magnetic field. It is noted that unlike that in semiconductors, 27,28 the HF effective magnetic field here is always proportional to the total spin vector S = k S k .
SRT in the absence of HF effective magnetic field
When the spin polarization is small, i.e., the HF effective magnetic field is negligible, the total spin vector for 
and
The corresponding transverse and longitudinal SRTs are
dω k A k with ω k being the solid angle for momentum k and the momentum relaxation time.
with P l (cos θ) being the Legendre function. Obviously, the momentum relaxation time is inversely proportional to g 2 and hence a 2 , which can be tuned by the Feshbach resonance.
17 Accordingly, the anomalous behavior of the transverse and longitudinal spin relaxations can be revealed.
21
For the transverse spin relaxation, in the strong scattering limit, the SRT is limited by the competition of the two terms Ω 2
the first term is dominant and the SRT
−1 is inversely proportional to the momentum relaxation time. It is further noted that when Eq. (16) is satisfied, for the situation under the weak effective Zeeman magnetic field, the system is in the weak scattering limit [ |Ω z (k)| τ k,1 ≫ 1] with the SRT proportional to the momentum relaxation time. It is on this sense, this behavior under the strong effective Zeeman magnetic field is anomalous and this regime is referred to as the anomalous DP-like regime. 21 When
the second term is dominant. If Ωτ k,1 appearing in the denominator in the second term is much larger
is proportional (inversely proportional) to the momentum relaxation time. By noticing that the regime where Eq. (17) is satisfied is also in the strong scattering limit for the case of the weak effective Zeeman magnetic field ( |Ω z (k)| τ k,1 1), where the SRT is inversely proportional to the momentum relaxation time, therefore, the behavior under the strong effective Zeeman magnetic field is anomalous (normal) when Ωτ k,1 ≫ 1 (Ωτ k,1 ≪ 1) and the system is in the anomalous EY-like (normal strong scattering) regime.
For the transverse spin relaxation in the weak scattering limit, i.e., |Ω 2 z (k)|/(2Ω) τ k,2 ≫ 1, the momentum scattering provides a spin relaxation channel and the SRT is positively proportional to the momentum relaxation time. The system is hence in the normal weak scattering regime.
Therefore, with the decrease of the momentum relaxation time, the system experiences the normal weak scattering regime (τ sz ∝ τ k,1 ), the anomalous DP-like regime (τ −1 sz ∝ τ k,2 ), the anomalous EY-like regime (τ sz ∝ τ k,1 ) and the normal strong scattering regime (τ −1 sz ∝ τ k,1 ), successively [refer to Fig. 3(a) ], with only the weak scattering regime being in the weak scattering limit. Accordingly, at the crossover between the normal weak scattering and anomalous DP-like regimes, a basin may appear with the position determined by
at the crossover between the anomalous DP-and anomalous EY-like regimes, a peak may arise with the position determined by
and at the crossover between the anomalous EY-like and normal strong scattering regimes, a basin may arise with the position determined by
The analytical results for the tansverse spin relaxation rates (1/τ s ) with the effective Zeeman magnetic field and the momentum relaxation time in different regimes are summarized in the schematic diagram [ Fig. 2 (a) ]. For the longitudinal spin relaxation, from Eq. (14),
is proportional (inversely proportional) to the momentum relaxation time and the system is in the anomalous EY-like (normal strong scattering) regime [refer to Fig. 3(b) ]. Moreover, there is no normal weak scattering regime due to the efficient suppression of the strong effective Zeeman magnetic field to the spin relaxation.
21 Therefore, with the decrease of the momentum relaxation time, a basin may appear at the crossover between the anomalous EY-like and normal strong scattering regimes with the position determined by Eq. (20) . The analytical results for the longitudinal spin relaxation rates with the effective Zeeman magnetic field and the momentum relaxation time in different regimes are summarized in the schematic diagram [ Fig. 2 (b) ].
SRT in the presence of HF effective magnetic field
When the spin polarization is large, the HF effective magnetic field may influence the spin relaxation, as reported in semiconductors with weak Zeeman magnetic field. [28] [29] [30] [31] To analytically reveal the effect of the HF effective magnetic field on the spin relaxation with strong Zeeman magnetic field in cold atoms, we discuss the situation with |Ω HF | ≪ |Ω|, in which the total spin vector in Eq. (10) can be substituted by
(11) and (12) ] for the transverse (longitudinal) spin relaxation. Accordingly, the HF effective magnetic field becomes a rotating magnetic field
around the effective Zeeman magnetic field when the initial spin polarization is along theẑ-axis and a static magnetic field
along the effective Zeeman magnetic field when the initial spin polarization is along thex-axis, respectively. Here, |Ω HF | is the magnitude of the HF effective magnetic field.
(Color online) Schematic diagrams for the transverse (a) and longitudinal (b) spin relaxation rates with the effective Zeeman magnetic field and the momentum relaxation time. The Roman numbers represent different regimes of the spin relaxation: I, the normal weak scattering regime; II, the anomalous DP-like regime; III, the anomalous EY-like regime; IV, the normal strong scattering regime. The boundaries between the regimes I/II, II/III and III/IV are determined by Eqs. (18), (19) and (20), respectively. The boundaries between the regimes I/II and III/IV are determined by Ω = |Ωz(k)| and |Ωz(k)| τ k,1 = 1, respectively.
By solving the KSBEs [Eq. (9)] with the HF effective magnetic field [Eqs. (21) and (22)] included, one obtains the transverse and longitudinal SRTs. For the transverse spin relaxation, in the strong scattering limit Ω eff (k) τ k,2 ≪ 1 with the condition |Ω HF | ≫ Ω 2 z (k)/(2Ω) , the SRT reads (the details of the derivation can be found in Appendix A)
with
For the longitudinal spin relaxation, the static magnetic field is added directly to the effective Zeeman magnetic field, and the longitudinal SRT becomes
It is obvious that the SRTs in Eqs. (23) and (25) can be reduced back to Eqs. (13) and (14) when the HF effective magnetic field Ω HF = 0. With the inclusion of the HF effective magnetic field, both the transverse and longitudinal spin relaxations can be influenced. For the transverse situation, the spin relaxation can be suppressed; for the longitudinal situation, the spin relaxation can be either enhanced or suppressed when the HF effective magnetic field is parallel or antiparallel to the effective Zeeman magnetic field. Therefore, when the spin polarization is large, the behavior of the spin relaxation needs to be reanalyzed.
For the transverse spin relaxation, the HF effective magnetic field in Eq. (23) has very different influence on the spin relaxation depending on whether |Ω HF |τ k,2 ≪ 1 or |Ω HF |τ k,2 ≫ 1. When |Ω HF |τ k,2 ≪ 1, the spin relaxation can also be divided into similar four regimes in the absence of |Ω HF |, but with some features modified. Specifically, the position of the peak [Eq. (19) ] at the crossover between the anomalous DP-and anomalous EY-like regimes is modified to be
Therefore, due to the suppression of the inhomogeneous broadening by the HF effective magnetic field, the position of the peak shows up at weaker scattering. It is also noted that, with the second term in Eq. (23) being unchanged by |Ω HF |, the position of the basin [Eq. (20) ] at the crossover between the anomalous EY-like and normal strong scattering regimes is also unchanged. However, when |Ω HF |τ k,2 ≫ 1, the HF effective magnetic field may have strong influence on the spin relaxation, with the normal weak scattering and anomalous DP-like regimes being suppressed. This is because, in this situation, as Ω eff (k) τ k,2 ≈ |Ω 2 z (k)| /(2ΩΩ HF ) is always much smaller than 1 when |Ω HF | ≫ Ω 2 z (k) /(2Ω), the normal weak scattering regime is unreachable. More-
HF ≫ 1, the first term in Eq. (23) is dominant and the SRT τ sz ≈
) −1 is proportional to the momentum relaxation time, showing the EY-like behavior. Hence the corresponding anomalous DP-like regime in the absence of the HF effective magnetic field becomes the anomalous EY-like regime. Accordingly, with the original anomalous EY-like and normal strong scattering regimes being unchanged, the spin relaxation is divided into the anomalous EY-like and normal strong scattering regimes.
For the longitudinal spin relaxation, the position of the basin Eq. (20) at the crossover between the anomalous EY-like and normal strong scattering regimes is modified to be τ k,1 = |Ω + Ω HF | −1 . Therefore, with the HF effective magnetic parallel (antiparallel) to the effective magnetic field, the basin shows up at stronger (weaker) scattering when |Ω HF | ≪ |Ω|.
B. Numerical results
In the previous simplified model (with the elastic scattering approximation), we are able to calculate the spin relaxation analytically under the strong effective Zeeman magnetic field, with the inclusion of the weak HF effective magnetic field satisfying |Ω HF | ≪ |Ω|. However, for genuine system, the scattering is the inelastic interatom scattering. Moreover, the HF effective magnetic field can be tuned to be very strong (|Ω HF | |Ω|). In this section, we study the SRT by solving the KSBEs numerically. We focus on the scattering length dependence of the spin relaxation, with the scattering length being tuned by the Feshbach resonance.
17
In the numerical calculation, the parameters we choose are within the experimental feasibility by referring to the experimental work of Wang et al.:
6 The lowest two magnetic sublevels |9/2, 9/2 and |9/2, 7/2 are coupled by a pair of Raman beams with wavelength λ = 773 nm and the frequency difference ω/(2π) = 10.27 MHz; The recoil momentum and energy are set to be k r = k 0 sin(θ/2) and E r = k 2 r /2m = 2π × 8.34 sin 2 (θ/2) kHz, with k 0 = 2π/λ and θ denoting the angle between the two Raman beams. In our study, we choose sin(θ/2) = 0.125. The Raman detuning δ = ω z − ω is set to be zero by choosing the Zeeman shift ω z /(2π) = 10.27 MHz. It is noted that with these parameters, the condition that the SOC energy is much smaller than the kinetic energy is satisfied. The scattering length varies from 0.01a 0 to 50a 0 . Here, a 0 = 169a B , with a B being the Bohr radius, is taken from the experimental value. 6 The Fermi momentum and the temperature are set to be k F = 32k r and T = 0.2T F (T F is the corresponding Fermi temperature), according to Wang et al.. 6 The strengths of the effective Zeeman magnetic field Ω are taken to be 400E r and 40E r , corresponding to Ω > |Ω z (k)| and Ω < |Ω z (k)| , respectively.
In Figs. 3(a) and (b), the transverse and longitudinal SRTs are plotted against the scattering length under strong and weak effective Zeeman magnetic fields, respectively, with both small and large spin polarizations P = 1% and 100%. Below we analyze the transverse and longitudinal spin relaxations, separately.
Transverse spin relaxation
For the transverse spin relaxation, when the spin polarization is small (P = 1%), it is shown in Fig. 3(a) that the We also plot the corresponding HF field |ΩHF| of the scattering length with P = 100% (note the scale is on the top frame of the figure with Ω0 = 240Er).
behavior of the spin relaxation under the strong effective Zeeman magnetic field is very different from the situation under the weak one. Under the strong effective Zeeman magnetic field, with the genuine interatom scattering, the anomalous behaviors of the transverse spin relaxation demonstrated in the simplified model are confirmed. Accordingly, the spin relaxation can be divided into four regimes: I, the normal weak scattering regime; II, the anomalous DP-like regime; III, the anomalous EY-like regime; and IV, the normal strong scattering regime.
21
Moreover, the boundaries between the regimes I/II, II/III and III/IV can be determined by Eqs. (18), (19) and (20) (shown by the vertical black dashed lines), respectively. By noticing that τ k,1 and τ k,2 in these equations are in the same order, they can be replaced by τ * p limited by the interatom scattering approximately. Furthermore, by noting that the position of the basin between III and IV is at a = 8a 0 , where τ * p = Ω −1 ∝ a −2 is satisfied, we find τ * p = (8a 0 /a) 2 /Ω. Accordingly, from Eqs. (18) and (19), the boundaries between I/II and II/III are at a ≈ 0.2a 0 and a ≈ 2a 0 , respectively, in good agreement with the numerical calculation in Fig. 3(a) . For comparison, we also calculate the SRT under the weak effective Zeeman magnetic field. It can be seen from the figure that the spin relaxation can be divided into weak and strong scattering regimes (separated by the vertical orange chain line with a ≈ 3.2a 0 by |Ω z (k)| τ * p = 1), which further confirms the investigation of the conventional spin relaxation in semiconductors under small magnetic field.
24,27,40-44
When the spin polarization is large (P = 100%) and hence with large HF effective magnetic field, it also can be seen from Fig. 3(a) that the behavior of the spin relaxation under the strong effective Zeeman magnetic field is very different from the situation under the weak one. In the presence of the strong effective magnetic field, the SRT shows a peak and a basin with the increase of the scattering length and can be divided into three regimes rather than four. Moreover, it seems that with large spin polarization, the normal weak scattering regime disappears and the peak (between II and III) and the basin (between III and IV) are shifted to the weaker scattering, with the SRT showing opposite trends in regimes I, II and III compared with the case of small spin polarization. However, if the HF effective magnetic field [Eq. (10) ] is removed when P = 100% (the gray chain curve), the system also shows four regimes similar to the case of small spin polarization, with a small modification of the positions of the peak and the basin. This confirms that the anomalous behavior of the spin relaxation with large spin polarization is contributed by the HF effective magnetic field.
One notices that the numerical results at large spin polarization differs qualitatively from the analytical analysis in Sec. III A. In the analytical model, with the condition |Ω HF | ≫ |Ω 2 z (k)| /(2Ω) satisfied, when |Ω HF |τ * p ≫ 1 (|Ω HF |τ * p ≪ 1), there are two (four) regimes for the spin relaxation. However, in the numerical study here, with |Ω HF |τ * p ≫ 1 satisfied in regimes I-III (noting that with a = 0.1a 0 , |Ω HF |τ * p ≈ 400 is much larger than 1), there are three instead of two regimes for the spin relaxation. This originates from the fact that in the analytical model, the HF effective magnetic field is fixed and much larger than |Ω 2 z (k)| /(2Ω). However, here the HF effective magnetic field increases simultaneously with the increase of the scattering length as |Ω HF | ∝ a [Eq. (10)] and can be smaller or larger than |Ω 2 z (k)| /(2Ω). For comparison, the case with a fixed HF effective magnetic field |Ω HF | = 75E r is plotted in the figure and one finds indeed two regimes appear. It is noted that with the varying HF effective magnetic field, the system can be divided into the weak and strong scattering regimes with the boundary determined by Ω eff (k) τ * p ≃ 1 (shown by the vertical yellow chain line with a ≈ 0.08a 0 ). Below, we discuss the underlying physics in detail in the strong and weak scattering limits, respectively.
We first focus on the strong scattering limit. In this limit, as shown in Fig. 3(a) , the SRT first decreases and then increases with the increase of the scattering length, showing the anomalous EY-like and normal strong scattering behaviors, respectively. These behaviors can be understood in the weak and strong HF effective magnetic field limits with |Ω HF | ≪ |Ω| and |Ω HF | ≫ |Ω|, separately. In the weak HF effective magnetic field limit, corresponding to a ≪ 1.6a 0 (noting that |Ω HF | ≈ 400E r when a = 1.6a 0 ), the behavior of the spin relaxation can be analyzed facilitated with the simplified model [Eq. (23)]. One notices that the first term in Eq. (23) is unchanged (Ω 2 HF τ * p ∝ a 0 ) and the second term decreases with increasing the scattering length. With
HF in this regime satisfied, the second term in the SRT is dominant, giving the EY-like behavior in the scattering length dependence of the spin relaxation. 48 In the strong HF effective magnetic field limit |Ω HF | ≫ |Ω|, corresponding to a 10a 0 , with |Ω|τ * p ≪ 1, the spin relaxation returns to the normal strong scattering regime (τ
, with the SRT increasing with the increase of the scattering length. Moreover, due to the strong HF effective magnetic field, the inhomogeneous broadening can be effectively suppressed in this normal strong scattering regime. [27] [28] [29] [30] 39 Therefore, the SRT in this regime is significantly enhanced compared to the situation with small spin polarization.
We then turn to the weak scattering limit. It is shown in Fig. 3(a) that with the increase of the scattering length, i.e., the HF effective magnetic field, the SRT is significantly enhanced. This is because in the presence of the strong effective Zeeman magnetic field, the inhomogeneous broadening is markedly suppressed by the HF effective magnetic field [Eq. (24)]. Consequently, a peak arises at the crossover of the weak and strong scattering limits.
For comparison, we also calculate the SRT with the weak effective Zeeman magnetic field. The spin relaxation can also be divided into conventional weak and strong scattering regimes, with the boundary shifted to the weaker scattering due to the suppression of the inhomogeneous broadening by the HF effective magnetic field. [27] [28] [29] [30] 39 In the strong scattering limit, the SRT is significantly enhanced by the HF effective magnetic field, which agrees with the results in semiconductors. [27] [28] [29] [30] 39 In the weak scattering limit, one observes that the SRT is suppressed compared to the situation with small spin polarization. This is because with larger spin polarization, the population of the atoms in the k-space is broadened. Consequently, the inhomogeneous broadening for the spin relaxation is enhanced and the SRT is suppressed. 49 
Longitudinal spin relaxation
For the longitudinal spin relaxation, when the spin polarization is small (P = 1%), it is shown in Fig. 3(b) that no matter the effective Zeeman magnetic field is strong (|Ω| = 400E r ) or weak (|Ω| = 40E r ), the SRTs always show a basin with the increase of the scattering length. 21, 24, 27, [40] [41] [42] [43] [44] However, the underlying physics is very different. Under the strong effective Zeeman magnetic field, as revealed in the simplified model in Sec. III A, the spin relaxation can be divided into the anomalous EY-like and normal strong scattering regimes, with the boundary shown by the vertical black dashed line at a = 8a 0 . However, under the weak effective magnetic field, the system is divided into conventional weak and strong scattering regimes (separated by the vertical purple chain line by |Ω z (k)| τ * p = 1), in agreement with the situation in semiconductors under the weak magnetic field. 21, 24, 27, [40] [41] [42] [43] [44] When the spin polarization is large (P = 100%), the spin relaxations also present similar behaviors under the strong and weak effective Zeeman magnetic fields, showing a basin with the increase of the scattering length. In the presence of the strong effective Zeeman magnetic field, by noting that the HF effective magnetic field is antiparallel to the spin polarization [Eqs. (10) ], when the spin polarization is parallel (antiparallel) to the effective Zeeman magnetic field, the total magnetic field |Ω+Ω HF | along thex-axis is suppressed (enhanced) by the HF effective magnetic field. Accordingly, from Eq. (25) , in which |Ω + Ω HF | appears in the denominator, the SRT is suppressed (enhanced) when the spin polarization is parallel (antiparallel) to the effective Zeeman magnetic field, shown by the red solid (green dashed) curve with squares in the figure.
For comparison, we also calculate the SRT in the presence of weak effective Zeeman magnetic field. The spin relaxation can be divided into conventional weak and strong scattering regimes, with the position of the basin shifting to the weaker scattering due to the suppression of the inhomogeneous broadening by the HF effective magnetic field. In the strong scattering limit, the spin relaxation is suppressed due to the HF effective magnetic field. [27] [28] [29] [30] 39 In the weak scattering limit, similar to the transverse situation with weak effective Zeeman magnetic field, the SRT is suppressed due to the enhancement of the inhomogeneous broadening with large spin polarization.
Anisotropy of SRT
Finally, we analyze the anisotropy of the SRT under strong effective Zeeman magnetic field. By comparing the cases in the same conditions in Figs. 3(a) and (b) , it is shown that the SRTs for the transverse and longitudinal spin relaxations are very different. When the spin polarization is small, there are four regimes for the transverse spin relaxation but only two regimes for the longitudinal situation. Specifically, at the normal strong scattering regime, the transverse SRT is two times as large as the longitudinal one. This anisotropy comes from the fact that under the unique effective magnetic field [Eq. (2)], the inhomogeneous broadening for the transverse and longitudinal spin relaxations are different, with the SRTs shown in Eqs. (13) and (14). 21 When the spin polarization is large, there are three regimes for the transverse spin relaxation and again two regimes for the longitudinal one. In this situation, the HF effective magnetic field contributes to the anisotropy of the transverse and longitudinal spin relaxations.
IV. SUMMARY
In summary, we have investigated the spin relaxation in ultracold spin-orbit coupled 40 K gas under the strong effective Zeeman magnetic field [|Ω| ≫ |Ω z (k)| ] both analytically and numerically. We find that when the spin polarization is small, the SRT shows anomalous scalings with the momentum relaxation time, with the transverse (longitudinal) spin relaxation divided into four (two) regimes in the scattering length dependence: the normal weak scattering regime (τ s ∝ τ * p ), the anomalous DP-like regime (τ ∝ τ * p ) (the anomalous EY-like regime and the normal strong scattering regime). Specifically for the anomalous regime of the spin relaxation, in the transverse situation, there exists a regime, i.e., the anomalous DP-like (EY-like) regime in the conventional weak (strong) scattering limit showing anomalous spin relaxation behavior with the SRT inversely proportional (proportional) to the momentum relaxation time; in the longitudinal situation, the conventional weak scattering regime is suppressed by the strong effective Zeeman magnetic field and the system shows the EY-like behavior (i.e., the anomalous EY-like regime).
When the spin polarization is large, a large HF effective magnetic field shows up. We find that for the transverse spin relaxation, the HF effective magnetic field can efficiently enhance the SRT by suppressing the inhomogeneous broadening in both the weak and strong scattering limits. Moreover, it is noted that by varying the scattering length, both the momentum relaxation time and the HF effective magnetic field vary, but with |Ω HF |τ * p fixed. Consequently, in the scattering length dependence of the spin relaxation, when |Ω HF |τ * p ≫ 1, the anomalous DP-like regime is suppressed and the transverse SRT is divided into three regimes: the normal weak scattering regime, the anomalous EY-like regime and the normal strong scattering regime. Specifically for the normal weak scattering regime, the SRT is inversely proportional to the momentum relaxation time due to the suppression of the inhomogeneous broadening by the HF effective magnetic field. On the other hand, for the longitudinal situation, with the inclusion of the HF effective magnetic field, the spin relaxation is again divided into two regimes: the anomalous EY-like regime and the normal strong scattering regime. Moreover, we find that the spin relaxation can be either enhanced or suppressed by the HF effective magnetic field if the spin polarization is parallel or antiparallel to the effective Zeeman magnetic field. The physics of the anomalous DP spin relaxation under the strong effective Zeeman magnetic field revealed in this paper is rich and intriguing. Moreover, the conditions to observe these interesting phenomena are within the experimental feasibility in the ultracold spin-orbit coupled 40 K gas. 6 Till now, what predicted in this investigation has not yet been experimentally reported and we expect that our work will cause more experimental investigations.
by noting that the scattering term can be written as Eq. (15) ] and the k-dependent magnetic field Ω z (k) depends only on the zenith angle θ k , the kinetics of the density martrix with m = 0 in the KSBEs is independent on the ones with m = 0. Therefore, we can define the quantity
which is averaged over the azimuth angle φ k , to describe the kinetics of the density matrix with m = 0. Accordingly, the KSBEs become
We then transform the KSBEs [Eq. (A3)] from the collinear space to the helix one by the transformation matrix
with Ω + = αk x +Ω tot and Ω − = αk x −Ω tot . Here, Ω tot = Ω 2 + α 2 k 2 x is half of the total magnetic field. When the strong Zeeman magnetic field satisfies |Ω| ≫ |αk x |, Eq. (A4) can be simplified into
with A k ≡ −1 + α 2 k 2 x /(8Ω 2 ). After the transformation, the KSBEs in the helix space become
with the density matrix in the helix space with m = 0 being ρ h k = U † k ρ * k U k . Equations (A6) describe the kinetics of the density matrices in the helix space under the magnetic field Ω tot /2 together with the rotating HF effective magnetic field. Moreover, in the helix space, the scattering terms include not only the spin-conserving part [the fifth and sixth terms in the left hand side (LHS) of Eq. (A6)], but also the effective spin-flip part [the last term in the LHS of Eq. (A6)].
We then transform the KSBEs into the interaction picture with the density matrix ρ k = e iΩHFσ y ′ t/2 e iΩσ z ′ t/2 ρ h k e −iΩσ z ′ t/2 e −iΩHFσ y ′ t/2 . (A7)
Here, the density matrix can be expanded by the Legendre functionρ
with C l = (2l + 1)/(4π). In the derivation below, the scattering matrix element |U k−k ′ | in W kk ′ is taken to be constant by considering the property of the interatom scattering potential [Eq. 
with Ω so (k) ≡ αk and δ ij being the Kronecker symbol. Here, the matrices U 1 (t) to U 3 (t) are defined by 
In Eq. (A9), when Ω 2 so (k)τ k,2 /(2Ω) ≪ 1, we retain terms with l ≤ 2. Specifically, in Eq. (A9), we have retained terms within the lowest two orders in the last two terms. By further applying the Markovian approximation, the tansverse spin vector in the interaction picture readsS .
